We study the Cauchy problem of the nonlinear fourth-order Schrödinger equation with mass-critical nonlinearity and derivative: iu t + au xxxx + bu 2 u xx + c|u| 8 u = 0, x ∈ R, t ∈ R, where a, b, and c are real numbers. We obtain the local well-posedness for the Cauchy problem with low regularity initial value data by the Fourier restriction norm method.
Introduction
In Evidently, the nonlinearities with derivatives appear. It is well known that nonlinearities with derivatives bring about more difficulties to solve the problem for us. Especially, there are so many nonlinearities with derivatives in (.) and (.). ©2014 Guo et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/90 So, in this paper we will study the following nonlinear fourth-order Schrödinger equation with mass-critical nonlinearity and two-order derivative in one dimension:
where u(x, t) are complex-valued function,ū(x, t) is the complex conjugate quantity of u(x, t). a, b, and c are real numbers. We are interested in obtaining the well-posedness for the Cauchy problem of (.) with initial value data under low regularity (which means u  (x) ∈ H s (R), s < ). Tao ). The character of (.) lies in the coexistence of the mass-critical nonlinearity and the two-order derivative. We will discuss the local well-posedness for the fourth-order Schrödinger equation by the Fourier restriction norm method.
For the complicated case, we will discuss it in another paper. First, we introduce the following notations. We define the Sobolev norms H s by
where · = ( + | · |), andf denotes the Fourier transformation of f (x). We also define the spaces
whereû(ξ , τ ) denotes the Fourier transformation of u(x, t). We denote by U(t) (t ∈ R) the fundamental solution operator of the fourth-order Schrödinger equation, i.e.,
whereφ denotes the Fourier transformation of ϕ, and F - represents the inverse Fourier transformation. We use C to denote various constants which may be different from in particular cases of use throughout.
The main result of this paper is the following theorem. 
Thus from the above theorem, we can see the following result.
Remark . When mass-critical nonlinearity and nonlinearity with derivative appear at the same time, nonlinearity with second-order derivative plays more important role. This property is consistent with the classical Schrödinger equation which has both masscritical nonlinearity and first-order derivative nonlinearity.
The preliminary estimates
Definition . For two integers  ≤ q ≤ ∞ and  ≤ r < ∞, we say that (q, r) is an admissible pair if the following condition is satisfied:
We have the following Strichartz estimate (see [] ): For any admissible pair (q, r)
Proof Firstly, we prove the inequality (.).
For any u(x, t) ∈ S(R
Noting that b >   , using the Strichartz estimate, we obtain
Next we prove (.), we only need to prove that for b >   we have
Changing the variable to τ = λ + aξ  , we obtain
From (.) and (.), we can obtain
Similarly, (.) follows from the following inequality:
This inequality has been proved in Theorem . of [] . We omit its detailed proof here.
where F b (x, t) is as same as in Lemma ..
Proof Noting that (, ) is an admissible pair, so we have
Therefore, using (.), Minkowski's inequality, (.), and taking b >   , we can obtain
By interpolation [] between (.) and the following relation:
We take a function ψ ∈ C 
Proof By the definition of X s,b and duality, the inequality (.) is reduced to the following estimate:
for allf ∈ L  , where
Without loss of generality, we can assume thatf ≥ , f j ≥  for j = , , . We split the domain of integration into two cases |ξ | ≥  and |ξ | ≤ . Case I. Assume that |ξ | ≤ . http://www.boundaryvalueproblems.com/content/2014/1/90
Noting that s ≥   , by Lemma ., the Hölder inequality, and Lemma ., we obtain
, by Lemma ., the Hölder inequality, and Lemma ., we obtain
Subcase . Assume that |ξ  | ≥ . We split this domain of integration in several pieces.
Similar to the proof of subcase , noting that s ≥
In this case, the proof is similar to that of the above case, so here we omit the detailed proof.
In this case, we easily get
By a straightforward calculation, we can obtain
, by Lemma ., the Hölder inequality, and Lemma ., we obtain
Noting that
The proof is similar to that of the case ., so here omit the detailed proof. , by Lemma ., the Hölder inequality, and Lemma ., we obtain
. Then we have the following inequality:
Proof Firstly, we prove (.) holds for s = . By the definition, the Hölder inequality, and the Sobolev inequality, we have
(  .   )
Again using the Hölder inequality, the Sobolev inequality in the variable x, and Lemma ., we obtain which completes the proof.
Proof of main result
Proof of Theorem . We will prove Theorem . by using the Banach fixed point theorem. Let T < δ. We rewrite (.) in integral form: In the sequel we will prove that S is well defined and it is a contraction map on Z.
Su(t) = ψ(t)U(t)u  -ψ(t)

